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Chemical exchange saturation transfer (CEST) imaging is sensitive to dilute labile proton and microenviron-
ment properties such as pH and temperature, and provides vital information complementary to the conven-
tional MRI methods. Whereas the Bloch equations coupled by exchange terms (i.e., Bloch–McConnell
equations) have been utilized to quantify 2-pool CEST contrast, it is tedious to extend the Bloch–McConnell
equations to describe CEST contrast beyond four saturation transfer sites. Hence, it is necessary to develop a
scalable yet reasonably accurate numerical solution to describe the complex multi-pool CEST contrast. It is
postulated here that the multi-pool CEST contrast can be quantified by modifying the classic 2-pool model.
Although the direct exchange among labile proton groups is often negligible, labile protons may be coupled
indirectly through their interaction with bulk water protons, which has to be quantified. The coupling term
was solved empirically, and the proposed simplified solution was shown in good agreement with the con-
ventional simulation. Moreover, the proposed solution is scalable, and can be easily extended to describe
multi-pool CEST contrast. In sum, our study established a simplified and scalable, yet reasonably accurate
numerical solution, suitable for quantitatively describing multi-pool CEST contrast.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The indirect detection mechanism of chemical exchange satura-
tion transfer (CEST) MRI confers it with an enormous sensitivity
enhancement so that dilute labile proton and microenvironment
properties such as pH and temperature can be estimated [1,2]. Spe-
cifically, CEST contrast is approximately proportional to the labile
proton concentration and exchange rate, hence, provides informa-
tion that complements the conventional imaging methods [3–6].
For instance, CEST MRI is capable of measuring metabolites and
their byproducts such as glucose, glycogen and lactate [7–9]. In
addition, amide proton transfer (APT) imaging, a specific form of
CEST MRI, is pH dependent and remains promising for detecting
ischemic tissue acidosis beyond the commonly used perfusion
and diffusion scans [10–14]. Nevertheless, CEST MRI contrast is
complex; it not only varies with labile proton concentration, ex-
change rate and relaxation time, but also depends on the experi-
mental parameters such as the magnetic field strength, RF power,
duration and scheme [15–19]. In addition, when there are multiple
exchangeable proton groups within a single CEST system, quantita-
tive description of CEST contrast becomes even more complex
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[13,20–23]. Moreover, semisolid macromolecular magnetization
transfer (MT) and nuclear overhauser effect (NOE)-mediated satu-
ration transfer may also become non-negligible for in vivo CEST
MRI, particularly so if large RF irradiation power is applied
[22,24–27].

Mathematical models have been developed to describe CEST
contrast [27–31]. Specifically, an empirical solution based on the
2-pool exchange model provides simple yet reasonably accurate
quantification of CEST contrast [15,19]. The solution has also been
modified to describe in vivo pH-weighted APT imaging of acute
ischemia [31]. While on the other hand, Bloch equations coupled
with exchange terms (Bloch–McConnell equations) can also
numerically simulate 2-pool chemical exchange, and has been re-
cently extended for quantifying 3-pool and 4-pool CEST contrast
[27,30]. However, conventional Bloch–McConnell equations are
not easily scalable, and it is somewhat tedious to apply it to de-
scribe multi-pool CEST contrast beyond three labile proton groups.
While on the other hand, over ten saturation transfer sites have
been identified in biological systems, and therefore, it is necessary
to develop a simplified solution for describing complex multi-pool
CEST contrast [13,22,23,32].

To address this need, our study investigated whether the multi-
pool CEST contrast can be simulated using the commonly used
2-pool exchange model. It is important to note that because the
direct RF saturation should be taken into account only once, multi-
pool CEST Z-spectrum cannot be obtained by simply superimposing
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multiple Z-spectra estimated independently. Fortunately, the direct
RF saturation can be quantified using a single set of Bloch equations
[30,33]. In addition, whereas direct exchange among labile proton
groups is negligible due to their dilute concentration, labile protons
may be coupled indirectly through their saturation transfer with
bulk water protons. Particularly, when the RF irradiation amplitude
becomes comparable with their chemical shifts, multiple labile pro-
tons may be simultaneously saturated, thus, compete for CEST con-
trast. As a result, simple linear superposition of individual CEST
contrast will overestimate the multi-pool CEST contrast. Our study
here derived the coupling term and developed a simplified solution,
based on the classic 2-pool model, to quantify multi-pool CEST MRI
contrast. We first confirmed that the proposed method is in good
agreement with the conventional multi-pool CEST simulation using
a representative 3-pool CEST system. We then showed that the pro-
posed method is scalable and can be easily extended to simulate
multi-pool CEST contrast with only minimal modification. In sum-
mary, the proposed numerical solution method provides simplified
yet reasonably accurate modeling of multi-pool CEST contrast, suit-
able for quantifying complex CEST contrast.

2. Theory

Bloch–McConnell equations are often used to describe CEST
contrast, and for a representative 2-pool chemical exchange, we
have [28,30],
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in which Mwx,y,z and Msx,y,z are the x, y and z magnetization compo-
nents for bulk water and labile protons, respectively, with T1,2w and
T1,2s being their longitudinal and transverse relaxation time. In
addition, ksw and kws are chemical exchange rate from labile group
to bulk water and vise versa. Moreover, x1 is the RF irradiation
amplitude, and Dxw,s is the difference between irradiation RF off-
set and the bulk water and labile proton chemical shifts, respec-
tively. Because the transverse relaxation rate of labile protons
may not be negligible when compared with the exchange rate,
the transverse magnetization exchange is also included. The
Bloch–McConnell equation can be extended to describe multi-pool
CEST contrast as [30]
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While very useful, such a solution is not flexible and may not be
easily extended to describe complex multi-pool CEST contrast, be-
yond four saturation transfer sites.

To address this, the current study aims to develop a simplified
numerical solution to simulate multi-pool CEST contrast. Specifi-
cally, the magnetization transfer ratio (MTR) is defined as,

MTRðx1;DxÞ ¼ 1� Iðx1;DxÞ=I0 ð3Þ

in which I and I0 are the MR signal with and without RF pre-satura-
tion, and x1 and Dx are the RF irradiation amplitude and offset,
respectively. For a simplistic 2-pool model, MTR is a function of
RF offset (Z-spectrum) with two prominent attenuations around
the labile proton (Dxs) and bulk water (Dxw) chemical shifts. For
dilute labile protons undergoing slow or intermediate chemical ex-
change, CEST contrast can be obtained by removing the direct RF
saturation effect from Z-spectrum as,

CESTRðx1;DxsÞ ¼MTRðx1;DxÞ �MTRðx1;DxwÞ ð4Þ

where MTR (x1, Dxw) is the direct RF saturation effect, which can
be derived either by the analytical solution or the classical Bloch
equation [30,33]. For multiple well-separated CEST groups, the first
order approximation of CEST contrast may be obtained by superim-
posing CEST contrasts of each labile proton independently as

CESTRðx1;DxÞ ¼
X

i

CESTRiðx1;DxsiÞ ð5Þ
where Dxsi is the chemical shift offset of the ith labile group. It is
important to note that although the direct exchange among labile
protons is often negligible, they may interact indirectly via bulk
water signals. Hence, the coupling term has to be derived in order
to extend the classical 2-pool model to describe multi-pool CEST
contrast. We solved the coupling term (see Appendix A) and the
multi-pool CEST MRI contrast can be shown to be,

CESTRðx1;DxÞ �
X

i

CESTRiðx1;DxsiÞ

�
X
i>j

CESTRiðx1;DxsiÞ � CESTRjðx1;DxsjÞ�
ð2� CESTRiðx1;DxsiÞ � CESTRjðx1;DxsjÞÞ

� �
ð6Þ
0 0

n�1w 0
0 ksn�1w

0 0
0 0
0 0

sn�1 0

sn�1w �x1

x1 �ksn�1w

3
77777777777777775

Mwx

Mwy

Mwz

:

:

:

Msn�1x

Msn�1y

Msn�1z

2
66666666666666664

3
77777777777777775

�

Mwx=T2w

Mwy=T2w

ðMw0 �MwzÞ=T1w

:

:

:

Msn�1x=T2sn�1

Msn�1y=T2sn�1

ðMsn�10 �Msn�1zÞ=T1sn�1

2
66666666666666664

3
77777777777777775

ð2Þ



Fig. 1. (a) The conventional modeling of multi-pool CEST contrast was based on the
Bloch–McConnell equations, with each saturation transfer site represented by a set
of Bloch equations. (b) The proposed simplified solution describes the multi-pool
CEST contrast by modifying multiple sets of 2-pool exchange models, with a
correction term to take into account of the coupling among CEST contrasts.
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3. Materials and methods

Numerical simulation was conducted in Matlab 7.4 (Math-
works, Natick MA). The coupling term was first derived, and the
proposed simplified solution was compared with the conventional
numerical solution using a representative 3-pool CEST model. We
assumed that the T1 and T2 for bulk water are 3 s and 100 ms,
respectively, and being 1 s and 15 ms for two dilute labile protons.
In addition, the chemical shifts for two labile protons were set to
be 4 and 5 ppm, for the magnetic field strength of 4.7 T
(200 MHz). Moreover, we serially varied the labile proton concen-
tration and exchange rate, and evaluated the proposed solution for
a representative 3-pool CEST model. Furthermore, we examined
the effects of RF amplitude and chemical shift. Specifically,

(1) Labile proton concentration: We varied both labile proton
concentration from 1:2000 to 1:500, with respect to the bulk
water protons, and their exchange rates were assumed to be
100 and 300 s�1 for chemical shifts of 4 and 5 ppm, respec-
tively, and B1 = 1 lT (43 Hz).

(2) Chemical exchange rate: We examined slow and intermediate
chemical exchange, from 10 to 200 s�1, for both labile proton
groups. Their concentrations were assumed to be 1:500 and
1:1000 for chemical shifts of 4 and 5 ppm, respectively, and
B1 = 1 lT.

(3) RF irradiation amplitude: We varied the RF irradiation ampli-
tude from 0.1 to 2 lT, and reexamined the proposed method.
Aforementioned labile proton concentration, exchange and
relaxation rates, chemical shift offset and field strength were
assumed.

(4) Chemical shift: We also investigated the chemical shift
dependence of the proposed numerical solution, particu-
larly, in the presence of sizeable overlap of CEST spectra.
We maintained the chemical shift for one labile group at
5 ppm, and systematically varied the chemical shift for the
second group from 4 to 6 ppm. Similar labile proton concen-
tration, exchange and relaxation rates, RF amplitude and
field strength were assumed. It is also important to note that
the simulated exchange rate and chemical shift are typical
values for diamagnetic CEST agents, and hence, our conclu-
sions may not necessarily be applicable for paramagnetic
CEST (PARACEST) agents, as their exchange rate, chemical
shift and local concentration as well as experimental param-
eters are drastically different from those simulated here.

Finally, we demonstrated the scalability of the propose solution
by simulating the CEST contrast of five dilute saturation transfer
sites, which conventionally takes a 6-pool exchange model to de-
scribe. Specifically, we simulated one amide group, two hydroxyl
groups and two nuclear overhauser effect (NOE) sites
[9,13,22,23,32]. Their chemical shifts, with respect to the water
resonance, were 3.65, 2.3, 1.2, �3 and �3.5 ppm, respectively. In
addition, their labile proton concentrations were set to be
1:1000, 1:1000, 1:500, 1:500 and 1:500, while their exchange rates
set to be 50, 50, 50, 10 and 10 s�1, respectively. Moreover, T1 for all
labile protons was assumed to be 1 s, which should only minimally
affect the simulated CEST contrast due to that only steady state
was solved, while their T2 was chosen to be 15, 5, 10, 5 and 5 ms,
respectively. In addition, two representative RF amplitudes of 1
and 2 lT were simulated. It is necessary to note that the exchange
rate and relaxation rates for the NOE sites were assumed to be sim-
ilar as those of diamagnetic CEST agents, simply to illustrate the
scalability of the proposed solution [13,32]. Their exact values for
a given specific system, once derived, can be easily incorporated
to the numerical solution.
4. Results

Fig. 1 compares the proposed scalable solution with the conven-
tional simulation of multi-pool CEST contrast. The conventional
simulation (Fig. 1a) utilizes multiple sets of Bloch equations
coupled by the exchange terms, with each set representing a single
labile proton group [28]. The Bloch matrix size, for a general N-sat-
uration transfer sites, is 3 N by 3 N (O(N2)). In comparison, the pro-
posed simplified solution utilizes multiple 2-pool models, with a
correction term that takes into account of the indirect coupling
effect (Fig. 1b). As such, it includes (N–1) sets of 2-pool exchange-
able models (O(N)), significantly reduced from that of the conven-
tional approach when N becomes large.

We evaluated the proposed simplified solution using a repre-
sentative 3-pool CEST system, i.e., two 2-pool solution vs. a con-
ventional 3-pool solution. The two labile protons were assumed
to be at 4 and 5 ppm, and their concentrations were assumed to
be 1:250 and 1:500, with exchange rates of 100 s�1 and 300 s�1,
respectively (Fig. 2a). Moreover, T1 and T2 for bulk water were as-
sumed to be 3 s and 100 ms, being 1 s and 15 ms for both labile
protons. In addition, we set the magnetic field strength to be
4.7 T, and solved the CEST contrast for a long (7.5 s) continuous
wave (CW) RF irradiation field of 1 lT. Z-spectra for the two labile
protons were simulated independently using the 2-pool model
(Fig. 2b). Fig. 2c shows the CEST contrast for 4 and 5 ppm, in black
and gray, respectively, obtained by subtracting the direct RF satu-
ration contribution from the two Z-spectra. In addition, the linear
superposition of two CEST spectra was shown in light gray dash
dotted line, while the proposed simplified solution is shown in a
dotted line, slightly less than the simplistic linear superposition.
Fig. 2d compared the Z-spectra obtained by the simplistic linear
superposition (gray, Eq. (5)), the proposed simplified solution (dot-
ted, Eq. (6)) and the conventional 3-pool simulation solution (gray
dash dotted). While the simplistic linear superposition solution dif-
fered from conventional simulation by 7%, the maximal difference
between the proposed solution and the conventional simulation is
less than 0.2%. As such, we showed that the proposed solution, by
including the coupling term, agreed very well with conventional
Bloch–McConnell solution.

We also evaluated the precision of the proposed simplified
numerical solution by comparing it with the conventional 3-pool



Fig. 2. Comparison of the proposed simplified solution with the conventional
simulation using a representative 3-pool mode: bulk water and two dilute labile
groups at 4 and 5 ppm. (a) Simulated spectrum showing the dilute labile proton
(magnified by 100) and bulk water peaks. (b) Z-spectra for each labile group
simulated independently using the classic 2-pool model, as well as the direct RF
saturation effect. (c) CEST contrast estimated by subtracting direct RF saturation
effect from Z-spectra, which showed two prominent CEST peaks at 4 and 5 ppm in
black and gray, respectively. In addition, the simplistic linear superposition of CEST
contrasts and the proposed simplified solution were shown in gray dash dotted and
dotted lines, respectively. (d) Whereas the simplistic linear superposition (gray
dash dotted) differed from the conventional 3-pool simulation (black line) by 7%,
the proposed solution (dotted) agreed very well and in fact, overlapped with the
conventional solution, within 0.2%.
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model for a typical range of labile proton concentration and ex-
change rate (Fig. 3). When the labile proton concentration for both
exchangeable groups was increased from 1:2000 to 1:500, the
CESTR, calculated as the MTR asymmetry at 4 and 5 ppm, increased
almost linearly with the concentration (Fig. 3a). In fact, the CESTR
obtained from both solutions nearly overlapped, and their maximal
difference is less than 0.2% (Fig. 3b). In addition, CESTR also in-
creased with exchange rate (Fig. 3c). It is noticeable that the slope
of CESTR increment with respect to exchange rate decreased at
Fig. 3. Evaluation of the proposed solution as a function of labile proton
concentration and exchange rate. (a) The labile proton concentration for both
groups was varied from 1:2000 to 1:500, with their exchange rates assumed to be
100 and 300 s�1 for 4 and 5 ppm, respectively. The CEST contrast increased about
linearly with labile proton concentration. (b) Simulation with both methods nearly
overlapped, with their maximal difference less than 0.2%. (c) The CEST contrast
increased with exchange rate when it was varied from 10 to 200 s�1. (d) The
simulation from both methods agreed very well, with the maximal difference less
than 0.1%.
high exchange rates, likely because the saturation efficiency is re-
duced when the CEST contrast competes with the T1 relaxation
(Fig. 3c). The two solutions agreed very well, with their maximal
difference being less than 0.1% (Fig. 3d).

Our study also evaluated the proposed solution while varying
the RF amplitude and chemical shift (Fig. 4). Fig. 4a shows that
the CESTR initially increased with RF amplitude, peaking at
approximately 1 lT for labile protons at 4 ppm, and 2 lT for labile
protons at 5 ppm (Fig. 4a). In fact, the two solutions agreed reason-
ably well, with their maximal difference less than 1% (Fig. 4b).
Moreover, when the chemical shift of one labile proton was varied
from 4 to 6 ppm, while the other group remained at 5 ppm, the
proposed solution also agreed well with the conventional simula-
tion (Fig. 4c). Because the CEST contrast was derived as the MTR
asymmetry at their individual chemical shift, the calculated CESTR
is susceptible to the coupling term of two CEST groups. This was
particularly the case when the chemical shift of the second pool
was 5 ppm, overlapping with that of the first pool (Fig. 4c). Never-
theless, our proposed method agreed very well with the conven-
tional 3-pool simulation, within 0.3% (Fig. 4d). Hence, our results
showed that the proposed solution provides simplified yet reason-
ably accurate modeling of multi-pool CEST contrast.

To demonstrate the scalability of the proposed numerical solu-
tion, we simulated CEST contrast for an illustrative five saturation
transfer sites, equivalent to the conventional 6-pool CEST model
(Fig. 5). The hypothetical CEST system includes an exchangeable
amide proton pools (3.65 ppm) and two hydroxyl protons (2.3
and 1.2 ppm) [9,13]. In addition, two aliphatic groups (�3 and
�3.5 ppm) were added to model saturation transfer via NOE
[22,23,32]. We also simulated two typical RF amplitudes of 1 and
2 lT. Fig. 5a shows that at low RF amplitude, the individual CEST
contrast can be reasonably distinguished, while the frequency res-
olution of the Z-spectrum degraded at stronger RF amplitude due
to the direct RF saturation effect and the coupling term among
multiple saturation transfer sites [15,31]. The direct RF saturation
effect was also simulated, shown in dotted and dash dotted lines
in Fig. 5a. It is important to point out that very little modification
was required when we extended the proposed solution from
3-pool to 6-pool, simply providing the inputs of the labile proton
Fig. 4. Evaluation of the proposed solution as a function of RF amplitude and offset.
(a) The CEST contrast initially increased with RF amplitude, but peaked and then
subsequently decreased with higher RF amplitude. (b) Simulation from both
methods agreed reasonably well, with the maximal difference less than 1%. (c)
Simulated CEST contrast as a function of labile proton chemical shift. The chemical
shift of one labile proton was set at 5 ppm, while the second labile group was
serially varied from 4 to 6 ppm, at RF power level of 1 lT. (d) Two solutions nearly
overlapped, with the maximal difference less than 0.2%.



Fig. 5. Simulation of CEST contrast of five saturation transfer sites, being at 3.65, 2.3, 1.2, �3 and �3.5 ppm. The concentration of each site was assumed to be 1:1000, 1:1000,
1:500, 1:500 and 1:500, with their exchange rates being 50, 50, 50, 10 and 10 s�1, respectively. (a) The simulated Z-spectra and direct RF saturation effect for RF amplitude of
1 and 2 lT was shown in dotted and dash dotted line, respectively. (b) The CEST contrast wa obtained by subtracting Z-spectra from RF spillover effects for two RF amplitudes.
The frequency resolution of CEST contrast degraded with RF amplitude due to direct RF saturation effect and the coupling among CEST contrasts. (c) The RF amplitude-
dependent MTRasym may be significantly lower than the CEST contrast due to a negative shift attributable to NOE effects.
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concentration, chemical shift, exchange and relaxation rates, with-
out modification of the subroutines. Fig. 5b shows the CEST-spe-
cific contrast, as determined by subtracting each Z-spectrum
from the corresponding direct RF saturation effect. At 1 lT, the
CEST contrast of the –NH and –OH groups can be reasonably re-
solved, whereas two NOE sites showed significant overlap due to
their relatively short T2 and small chemical shift difference
(Fig. 5b). Moreover, the MTR asymmetry (MTRasym) was calculated
by taking the difference between downfield and highfield MTR
symmetrically around the bulk water signal (Fig. 5c). It showed
that the CEST contrast may be underestimated unless the negative
shift induced by saturation transfer effect from highfield offset
(NOE effects) can be properly taken into account.

5. Discussion

This study developed a simplified numerical solution for
describing multi-pool CEST contrast. The proposed method is scal-
able, and can be easily extended to describe CEST imaging of a large
number of labile protons, potentially useful for quantifying in vivo
CEST applications [13,22]. Whereas for the representative 3-pool
CEST contrast, the computation time of the proposed method is
comparable with that of conventional solution (�0.2 s, Dell Dimen-
sion 9100), the advantage in computation time and memory usage
of the proposed solution may be realized when the number of CEST
sites becomes large. It is so because whereas the Bloch matrix in-
crease as the square of the number of saturation transfer site for
the conventional simulation (O(N2)), it increases only linearly for
proposed solution (O(N)) [18,34]. In addition, the proposed method
can be easily extended to simulate CEST contrast of large number
of exchangeable proton groups without modification of subrou-
tines, while the simulation codes for the conventional solution
have to be rewritten each time the number of saturation transfer
sites is varied. As such, the proposed solution is flexible and scal-
able, and if combined with water exchange spectroscopy (WEX) re-
sults, may significantly augment the quantitative CEST MRI,
understanding which is vital for endogenous in vivo CEST imaging
[13,22].

Our results suggested that when compared with Z-spectrum,
the MTR asymmetry analysis may not be able to delineate CEST
contrast from those related to saturation transfer due to high field
offsets, often attributable to NOE/MT [22,25,35]. In fact, it has been
shown that pH-weighted amide proton transfer (APT) imaging is
susceptible to an intrinsic MT asymmetry shift (MTR0asym) likely
attributable to NOE [13,35]. Hence, whereas MTR asymmetry
analysis provides fast estimation of CEST/APT-weighted contrast,
additional insights can be gained by acquiring and analyzing the
Z-spectra. It is also necessary to point out that the proposed
numerical solution is based on Bloch equations, and as such, may
be somewhat oversimplified for describing in vivo CEST contrast.
It is so because the lorentzian spectral lineshape implicitly pre-
scribed by the Bloch equation may deviate from that of semisolid
macromolecules, which may be better represented by Gaussian
or super-lorentzian functions. This problem is addressable, how-
ever, as several studies have shown that customized lineshape
can be directly incorporated into the modified Bloch equations
[27,36,37]. While on the other hand, MT contrast during in vivo
CEST MRI may not be severe if RF amplitude is not too large. It is
also important to bear in mind that because the concentration,
chemical shift and exchange rate of paramagnetic CEST (PARA-
CEST) agents as well as the commonly used RF amplitude are very
different from those investigated in our study, the proposed sim-
plified solution has to be reevaluated before it can be used to quan-
tify PARACEST MRI contrast.

Finally, whereas the proposed solution is relatively flexible and
can be extended to describe CEST imaging of essentially unlimited
magnetization transfer sites, extra care is needed when the pro-
posed solution is applied to derive exchange rates and concentra-
tions of multiple saturation transfer sites from experimental
measurements due to its multi-parametric non-linear nature. Be-
cause the proposed method may partition the fitting into multiple
sets of 2-pool fittings and their coupling terms, the susceptibility to
multi-parameter non-linear fitting errors for the proposed and
conventional solutions may be slightly different. In addition, our
results (Fig. 5) indeed suggested that by concurrently fitting multi-
ple Z-spectra obtained with a reasonably spread of RF amplitudes,
the precision and reliability of quantitative CEST contrast analysis
may be improved [16,19,31]. Consequently, further study is needed
to systematically evaluate the usefulness of the new solution for
numerical fitting of CEST MRI results (simulated or experimentally
obtained data), the reverse problem of the currently evaluated
numerical simulation application.
6. Conclusion

A flexible numerical solution based on the classic 2-pool ex-
change model was developed to describe multi-pool CEST contrast,
in good agreement with the conventional numerical simulation
method. The proposed method is scalable and can be easily ex-
tended to describe CEST contrast of a large number of saturation
transfer sites. As such, our work may facilitate quantitative under-
standing of complex CEST contrast, complementing the conven-
tional numerical simulation methods.
Acknowledgments

This study was supported in part by Grants from AHA/SDG
0835384N, NIH/NIBIB 1K01EB009771-01 and NIH/R21NS061119-
02.



240 P.Z. Sun / Journal of Magnetic Resonance 205 (2010) 235–241
Appendix A

To evaluate the proposed simplified solution, we partitioned a
single group of labile protons into two groups, with identical
chemical shift and exchange rate. We have f = f1 + f2, with f, f1

and f2 being the labile proton concentration for the complete pool
and two partitioned pools, respectively. The CEST contrast of the
complete labile proton can be shown to be [15]

CESTR ¼ f � ksw

R1w þ f � ksw
� a � ð1� rÞ ðA:1Þ

where ksw is the chemical exchange rate, a is labeling coefficient
and r is the spillover factor, while R1w is the bulk water longitudinal
relaxation rate. The labile proton concentration can be solved from
Eq. (A.1), being

f ¼ R1w

ksw

CESTR
a � ð1� rÞ � CESTR

ðA:2Þ

For dilute labile protons undergoing slow or intermediate
chemical exchange, it can be shown that the labeling coefficient
and spillover factor have very little dependence upon labile proton
concentration. In addition, such effects have already been taken
into account when the Z-spectrum is simulated, and hence, the
labile proton concentration can be approximated by
f � R1w

ksw
� CESTR

1�CESTR. The same relationship also applies to the parti-
tioned labile proton concentration, namely, fi � R1w

ksw
� CESTRi

1�CESTRi
, with

i = 1 and 2.
The relationship of f = f1 + f2 can now be rewritten as

CESTR
1� CESTR

¼ CESTR1

1� CESTR1
þ CESTR2

1� CESTR2

¼ CESTR1 þ CESTR2 � 2 � CESTR1 � CESTR2

ð1� CESTR1Þ � ð1� CESTR2Þ
ðA:3Þ

The factor R1w
ksw

was dropped because it is a common factor on
both sides of the Eq. (A.3). In addition, when Eq. (A.3) was inverted,
we have

1
CESTR

¼ 1þ ð1� CESTR1Þ � ð1� CESTR2Þ
CESTR1 þ CESTR2 � 2 � CESTR1 � CESTR2

¼ 1� CESTR1 � CESTR2

CESTR1 þ CESTR2 � 2 � CESTR1 � CESTR2
ðA:4Þ

which can be further simplified to be

CESTR ¼ CESTR1 þ CESTR2 � 2 � CESTR1 � CESTR2

1� CESTR1 � CESTR2
ðA:5Þ

For dilute labile protons undergoing slow and intermediate
chemical exchange, the CEST contrast should be small (e.g. a few
percent), and it is reasonable to assume that CESTR1 � CESTR2 � 1.

Hence, CEST contrast can be shown to be,

CESTR � ðCESTR1 þ CESTR2 � 2 � CESTR1 � CESTR2Þ
� ð1þ CESTR1 � CESTR2 þ CESTR2

1 � CESTR2
2Þ � CESTR1

þ CESTR2 � CESTR1 � CESTR2 � ð2� CESTR1 � CESTR2Þ
þ OðCESTR3

1;2Þ ðA:6Þ

where OðCESTR3
1;2Þ represents the high order coupling term be-

tween CEST contrast of multiple labile proton groups, which is often
reasonably negligible.
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